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Abstract 

We set up machinery for recognizing fc-cellular modules and k- 
cellular approximations, where k is an i?- module and R is either a 
ring or a ring-spectrum. Using this machinery we can identify the 
target of the Eilenberg-Moore cohomology spectral sequence for a fi- 
bration in various cases. In this manner we get new proofs for known 
results concerning the Eilenberg-Moore spectral sequence and gener- 
alize another result. 

1 Introduction 

Given a pointed topological space A, the A-cellularization of another pointed 
space X is the closest approximation of X built from A using pointed homo- 
topy colimits. This notion of A-cellularization was first treated systematically 
by Dror-Farjoun [10] and Chacholski [2]. Also fundamental to this subject 
is the work of Hirschhorn [12]. Dwyer and Greenlees translated this concept 
to an algebraic setting in [5]. Further work on cellular approximation was 
done by Dwyer, Greenlees and Iyengar in [6], here in the wider setting of 
S-algebras, where S is the sphere spectrum. 

The algebraic setting of Dwyer and Greenlees from [5] is as follows. Let 
i? be a ring (with a unit, not necessarily commutative) and let k and C be 
Z-graded chain-complexes of left i?-modules. We say C is k-cellular over 
i?, if Ext^(/c, A^) = implies Ext^(C, A^) = for every i?-chain complex 
A^. A /c-cellular approximation of a complex X is a map of i?-complexes: 
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CeWf^X X such that Cell^^X is the closest approximation of X by a k- 
cellular complex in the sense that the induced map: Ext^(/c, Cell^X) — >■ 
Ext^(/c, X) is an isomorphism. 

The concept of fc-cellular approximation extends effortlessly to the stable 
homotopy category, which is the setting used here. Specifically we let R be 
an S-algebra in the sense of where § denotes the sphere-spectrum. Let 
k and C be left i?-modules. Then the definitions above immediately apply 
also to the category of left i?-modules. 

Dwyer, Greenlees and Iyengar gave in [6j, a formula for /c-cellular ap- 
proximation. This formula holds when A; is a proxy-small i?-module (see 
definition 12.51) . in such the fc-cellular approximation of an i?-module 

X is given by the following natural map [HI theorem 4.10]: 

Homij(fc,X) (g)Endfl(fc) k ^ X 

The symbol ®r denotes the smash product of i?-modules and Hom/j(— , — ) 
stands for the function spectrum of i?-modules. These functors are taken in 
the derived sense, i.e. we always take appropriate resolutions before applying 
them. 

Dwyer, Greenlees and Iyengar's formula for fc-cellular approximations can 
be used to understand the target of the Eilenberg-Moore cohomology spec- 
tral sequence for a fibration, as we will now demonstrate. Suppose is a 
commutative S-algebra and let F ^ E ^ B he fibration of spaces where E 
and B are connected. We make the following standard replacements. First, 
one can take replace flB by an equivalent topological group, so we will as- 
sume QB is a topological group. Second, standard constructions show we 
can replace F by an equivalent QB-space (by passing, perhaps, to an equiv- 
alent fibration) so we will assume that F itself is a right QB-spa.ce. Let 
C*{F]k) denote the function spectrum F§(S°°F+,/c) and let k[flB] denote 
the §-algebra A; A§S°°fiS+. Thus C*(F; k) is a left -module. The same 

arguments of Dwyer and Wilkerson from [H 2.10] can be used to show there 
is a weak equivalence of /c-modules: 

}iomk[QB]{k, C*{F; k)) ®Endfe[nsj(fc) k ~ C*{E] k) ®c*{B;k) k 

On the other hand, recall the Eilenberg-Moore cohomology spectral se- 
quence for this fibration (with coefficients in k), has the form: 

= ^OTf;^^-^'\H*iE; k), k) 7rp+,(C*(E; k) ®c*iB;k) k) 
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Thus, whenever k is a proxy-small /c[f2i?]-module, the Eilenberg-Moore co- 
homology spectral sequence computes the homotopy groups of the fc-cellular 
approximation of C*{F]k) over k[QB]. In particular, if C*{F]k) is a k- 
cellular A;[f2i?]-module, then the target of the Eilenberg-Moore cohomology 
spectral sequence is the cohomology of the F with coefficients in k. 

Using machinery for recognizing /c-cellular modules and fc-cellular approx- 
imations we get the following two theorems. 

Theorem 15.11 Fix a prime p. Let N be a finite nilpotent group and let 
P C N be the p-Sylow subgroup of N, so N = P x H with the order of 
H being prime to p. Let F ^ E ^ BN be a homotopy fibration sequence 
over the classifying space of N, with E being a connected space. If k is any 
commutative S-algebra such that iiQ^k) is an ¥p-algebra, then: 

Where F^h) is the homotopy orbit space of F with respect to the H-action 
on F. In particular, if N = P then 

G*{E-k) 0cHB;k)k-C*iF;k) 

Theorem 15. 2L Fix a prime p. Let B be a finite connected nilpotent space 
with a finite fundamental group N = 7[i{B). Let P ^ N be the p-Sylow 
subgroup of N, so N = P x H . Let F E B be a homotopy fibration 
sequence over B, where E is a connected space. Then: 

Tor'l}''--^^\C*{E- = H^iF;¥,f 

Where H"'{F] Wp)^ are the fixed points of the H-action on H"'{F] Fp). 

The first theorem deals with general multiplicative cohomology theories 
in characteristic p and thus generalizes a result of Kriz from [H], showing 
convergence of the Eilenberg-Moore cohomology spectral sequence for a fi- 
bration over B(Z/p), with coefficients in Morava i^-theories. The second 
result concerns only mod-p cohomology. This result is hardly surprising as 
it is dual to Dywer's exotic convergence which concerns convergence of 
the Eilenberg-Moore homology spectral sequence. However, the proof we 
give here uses only cellularity arguments. We also give a different proof to 
a weaker version of Dwyer's strong convergence result from [3], again using 
only cellularity arguments. This is done in proposition 15.81 
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Another result is a spectral sequence. Assuming that k is a commutative 
ring, we describe, in section [HI a spectral sequence with 

<. = ^2p+,(CellJl-^]i/^(F;A;)) 

that converges to VTp+y (CellJ'"^^C*(F; k)) when B is a finite nilpotent space. 
We demonstrate the use of this spectral sequence in lemma 16.31 and corol- 
lary [631 

The bulk of this paper is concerned with setting up the necessary machin- 
ery for recognizing fc-cellular modules and /c-cellular approximations. This 
machinery is interesting in itself and we mention one basic result. Let R ^ S 
be a map of S-algebras and let k be an ^'-module. The independence of base 
lemma (lemma [3TT|) relates fc-cellular approximation of S-modules with their 
/c-cellular approximation as i?-modules. 

Lemma 13.11 Let R —>■ S be a map of E>-algebras. 

1. (^Strong independence of basej Let k he an S-module. If S ®_r k is k- 
cellular as an S-module, then for any S-module X the map CellfX ^ X 
is a k-cellular approximation of X as an R-module. In particular 
Cell^X ~ Cellf X as R-modules. 

2. (Weak independence of ha.se) Let k be an R-module. If S <S)r k is k- 
cellular as an R-module, then for any S-module X the map Cell|^^^X — *■ 
X is a k-cellular approximation of X as an R-module. In particular 
Cell^X ~ Cellf^^fcX as R-modules. 

This lemma is the basis for results on /c-cellular approximation over a 
group-ring kG, where G is a simplicial, or discrete, group and kG denotes 
the S-algebra C^{G; k) = k As S°°G'+. See for example proposition 13.31 

1.1 Layout of this Work 

We begin by introducing the notions of cellularity and cellular approximation 
in section O There we also recall some basic properties of cellular approxi- 
mations and give elementary examples. 

The necessary machinery for recognizing fc-cellular modules and building 
/c-cellular approximations is set up is sections [3] and |H In section [3] we prove 
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the independence of base lemma and apply it to get results concerning k- 
cellular approximation over a group ring kG. Section H] deals with fc-cellular 
approximation over finite p-groups and finite nilpotent groups. 

Finally, in section [5], we come to the Eilenberg- Moore spectral sequence, 
applying the machinery we constructed earlier to identify it's target. The 
last section is devoted to constructing the spectral sequence and demon- 
strating its use. 

1.2 Setting and Conventions 

We work in the category of left -R-modules where R is an §-algebra in the 
sense of [H] and S stands for the sphere spectrum. However, in some instances 
we will prefer to use an ordinary ring R and work in the category of differential 
graded left i?-modules (i.e. Z-graded chain complexes of left -R-modules). 
We justify this in the following way. Recall that for a ring R, the S-algebra 
HR is the appropriate Eilenberg-Mac Lane §-algebra. A result of Schwede 
and Shipley [TB| 5.1.6], shows the model category of if_R-modules is Quillen 
equivalent to the projective model category of unbounded chain complexes 
over R. In this way one can pass between ifi?-modules and differential graded 
i?-modules without fear and we will usually not distinguish between the two. 
To keep the terminology consistent, when i? is a ring the term i?-module will 
mean a differential graded i?-module and we will refer to the i?-modules in 
the classical sense as discrete R-modules (this is the same terminology as in 
L6J). 

We follow |6] in both terminology and notation. Thus, as in [6j, we 
use the notation — (8>_r — for the smash product of i?-modules. Similarly 
we use Hom/j(— , — ) to denote the function spectrum of i?-modules. All 
functors in this paper are taken in the derived sense, in particular — — 
and Homij(— , — ). This means that we always assume to have replaced our 
modules by appropriate resolutions before applying the functor in question. 

Given i?-modules k and M, we denote the fc-cellular approximation of an 
i?-module M by Cellf M, or by Cell^M whenever R is clear from the context. 

The homotopy groups of an i?-module M are the stable homotopy groups 
of its underlying spectrum, and are denoted as usual by 7rj(M). The derived 
(or homotopy) category of i?-modules is denoted by Dr. Since this is a trian- 
gulated category, we sometimes use the term triangle to indicate a homotopy 
cofibration sequence. If / : M — > is a map of -R-modules, then Cone(/) 
denotes the mapping cone of /. We say two i?-modules are equivalent if they 
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are isomorphic in D^, and use the symbol ~ to denote this. Similarly two 
maps between i?-modules are said to be equivalent if they become equal when 
passing to the derived category Dr. An i?-module M is called connective 
if ni{M) = for all i < 0. We say that M is bounded above (respectively 
bounded below) if there exists some index n such that 7ii{M) = for alH > n 
(respectively i < n). 

If is a commutative §-algebra and X is a based space, then the chains 
of X with coefficients in k is the spectrum: 

a(X;A;) = A;®sS~X 

When k is understood from the context we will simply use the notation 
C*(X). If X has no base point we add a disjoint base point to X before 
taking the chains, i.e. C*(X; /c) = k ®s Similarly, the cochains of 

based space X with coefficients in k is the function spectrum: 

C*{X-k) = Homs(S~X, k) 

All our spaces are assumed to have the homotopy type of CW-spaces. We 
use pt to denote the space with a single point. For a based space X, the 
space QX is a topological group weakly equivalent to the loop-space of X. 

In many cases the ring R we work over will be a group-ring. If G is a 
topological group and is a commutative S-algebra, the group-ring kG is 
C*(G; k), which is an S-algebra. If A; is a commutative ring and G a discrete 
group, then Hk[G] is equivalent to the Eilenberg-Mac Lane spectrum of the 
usual group-ring kG. When i? is a group-ring kG, the notation Cell'^(— ) 
will stand for Cell^'^(— ), so long as the ground S-algebra k is understood. 
Note that a map / : X — > F of G-spaces which yields an isomorphism on 
all homotopy groups will induce a weak equivalence C=k(/; k) : C=k(X; k) — >■ 
C*(y; k) of /cG-modules. 

The classifying space of a topological group G is denoted in the usual 
manner by BG and WG is a contractible free G-space, such as the space 
described by the Rothenberg and Steenrod [15]. 
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2 Cellular Approximations 

Throughout this section we fix an S-algebra R and an i?-module k. In this 
section we give the necessary background on cellular approximations and 
some of their basic properties. After defining fc-cellulatrity and k cellular- 
approximations, we recall from [(?, 4.6] the definition of proxy-smallness. By 
imposing the condition of proxy-smallness on k one gets better handle on 
/c-cellular approximations, as shown by Dwyer, Greenlees and Iyengar in 
that paper [6l 4.10]. We end this section with several examples in which 
fc-cellularity has a simple description. 

We recall the following definitions from [6]. 

Definition 2.1. A map U ^ V of i?-modules is called a k-equivalence if the 
induced map of S-modules: }lomji{k, U) Hom/j(A;, V") is an equivalence. 
An i?-module N is called k-null if Hom/j(/c, A^) ~ 0. An i?-module M is called 
k-cellular if, for every fc-null module A^, Hom^(M, A^) ~ 0. Equivalently, 
M is k-cellular if for every fc-equivalence f : U ^ V the induced map 
Hom/j(M, U) IIomi^(M, is an equivalence. 

If C — > X is a fc-equivalence and C is fc-cellular then C is called a /c- 
cellular approximation of X (or a k-cellularization of X). The module C is 
denoted by Cell^(X) or simply Cellfc(X) if R is clear from the context. 

Remark 2.2. Note that the property of being a fc-cellular approximation 
can be defined solely in the derived category D^. Also, from definition 12.11 it 
is easy to see that a /c-cellular approximation of any given module is unique 
up to a unique isomorphism in the derived category D/j. 

An important example of cellular approximation was given by Dwyer and 
Greenlees in Suppose i? is a Noetherian commutative ring, let / be an 
ideal of R and take k to be the ring R/I. Dwyer and Greenlees showed that 
for any i?-module X the homotolgy groups of CellfeX are isomorphic to the 
local cohomology of X at /, i.e.: 

7r_„(CellfcX) = H^X) = 7r_„(colim™Hom(i?//'", X)) 
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Here is a simpler example. Suppose R is a ring (not necessarily commu- 
tative) and / is an ideal of R. Recall that a discrete i?-module M is said to 
be /-nilpotent if there is a filtration = Mq C Mi C ■ ■ ■ C M„ = M such 
that Mi/Mi+i is an i?//-module. It is a simple matter to show that every 
/-nilpotent module is i?//- cellular. 

There is a well known, equivalent definition of fc-cellularity, which we will 
use extensively. To state this definition we must first recall what are thick 
and localizing subcategories. 

Definition 2.3. Let C be a full subcategory of the category of i?-modules. 
The subcategory C is called thick if it is closed under equivalences, triangles 
and retracts (direct summands). Closure under triangles means that given a 
triangle X Y ^ Z where two of the modules belong to C, then so does 
the third. In particular a thick subcategory is closed under suspensions and 
finite coproducts. A thick subcategory is called localizing if in addition it is 
closed under arbitrary coproducts. 

Let A be an i?-module. The smallest thick subcategory containing A 
is called the thick subcategory generated by A. The localizing subcategory 
generated by A is similarly defined. Following [6], we say an i?- module B is 
finitely built hy A if B belongs to the thick subcategory generated by A. An 
i?-module which is finitely built by R is also called a small i?-module. Finally, 
as in [6j, we say B is built by A if i? belongs to the localizing subcategory 
generated by A. Clearly, if B is finitely built from A then B is also built 
from A. 

We can now state the equivalent definition for fc-cellular modules: an 
i?-module is fc-cellular if and only if it is built from k. One part of this 
equivalence is easy to see, namely that any i?-module built from k is k- 
cellular. Using the techniques of |rD] or [121 5.1.5], one can show that for any 
i?-module X there exists a fc-cellular approximation. This fact proves the 
other direction. 

Remark 2.4. Let S = be a set of -R-modules. Say an i?-module M 

is built by S (equiv. S- cellular) if M belongs to the localizing subcategory 
generated by S. Clearly, this subcategory is equivalent to the locahzing 
subcategory generated by the i?-module A = (BieiAi. Therefore being A- 
cellular is the same as being S-cellular. 

As noted above, given /^-modules k and X one can always construct 
a fc-cellular approximation for X. In general these constructions involve 
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transfinite induction and a small object argument. To get a more manageable 
construction of fc-cellular approximation, it is necessary to impose conditions 
on k. One such condition, given by Dwyer, Greenlees and Iyengar in [6, 4.6] 
is that k be proxy-small. We recall the definition of proxy- smallness in 12.51 
below. Dwyer, Greenlees and Iyengar proved in P, 4.10] that when /c is a 
proxy-small i?-module the fc-cellular approximation of any i?-module X is 
given by the natural map: 

Homij(fc,X) ®Endfl(fc) k^ X 

Definition 2.5. Call an i?-module k proxy-small if there exists an i?-module 
K such that K is finitely built from R, K is also finitely built from k and K 
builds k. The module K is called a Koszul complex associated to k (this is 
the term used in [6], note that in [7j the module K is called a witness that k 
is proxy-small). 

Remark 2.6. Suppose k is proxy-small with an associated Koszul complex 
K. Because K and k build each other, an i?-module M is built from k if and 
only if M is built from K. Moreover, a map of i?-modules is a i^'-equivalence 
if and only if it is a /c-equivalence. Therefore a i^T-cellular approximation is 
the same as a /c-cellular approximation. 

In [HI example 5.9], Dwyer, Greenlees and Iyengar show that for any finite 
group G and any commutative ring fc, the trivial kG module k is proxy-small. 
In proposition 14.71 below we will see that if G is a finite nilpotent group and 
/c is a commutative §-algebra such that vro(A;) is an Fp-algebra, then /c is a 
proxy-small fcG-module. 

We end this section by showing two cases where /c-cellularity is relatively 
simple. In both cases k is an §-algebra which is given an i?-module structure 
via a map of S-algebras R ^ k. 

In the first case i? is a connective S-algebra, i.e. TTn{R) = for all n < 0. 
Recall that for an abelian group A, the appropriate Eilenberg-Mac Lane 
S-module is denoted HA. By [9j, IV.3.1], there exists map of §-algebras 
R — > Hitq{R) which yields the obvious isomorphism on the vro-level. In 
particular, H'Kq{R) is an i?- module. We show that when R is connective, 
every bounded above i?- module is if7ro(-R)-cellular. This result is dual to a 
result of A.K. Bousfield from [T[ lemma 3.3] over S. 

Proposition 2.7. Let R he a connective E>-algebra, then every bounded above 
R-module is H7Tq{R)- cellular. 
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Proof. Let us denote the S-algebra Httq{R) by k. Note that for any i?-module 
M, the modules Hni{M) are /c- modules and hence also i?-modules. Let X 
be a bounded above i?-module. Connectivity of R implies the existence of 
Postnikov sections in the category of -R-modules (see ^ lemma 3.2]). This 
allows us to use an argument of Dwyer and Greenlees from [5l proof of 
proposition 5.2], showing that X is built from the i?-modules {if7r„(X)}„£2- 
We detail this argument below. 

Following Dwyer and Greenlees [5j, we denote by M(— oo,j) the j'th 
Postnikov section of an i?-module M. Thus, there is a natural map of R- 
modules pj : M ^ M(— oo, j) such that HkiPj) is an isomorphism for k < j 
and Hm{M{—oo, j)) is zero for m > j. Define M{i, oo) to be the homotopy 
fiber of the map M M(— oo, i — 1), yielding a triangle: 

M{i, oo) ^ M ^ M(-oo, i - 1) 
Define M{i,j) (where i < j) to be 

(M(z,oo))(-oo,j) 

(this notation agrees with the notation of O proof of proposition 5.2] for 
i?-chain complexes, up to equivalence). Particularly useful is the triangle: 

M{t,j) ^ M{t - 1, j) ^M{t-l,t- 1) 

Also note that M{i,i) ~ HiXi^M). 

Here is the argument from [5l proof of proposition 5.2]. Since X is 
bounded above, there is an index j such that 7r„(X) = for all n > j. 
First, it will be proved that for any i < j, the i?-module X{i,j) is built from 
{Hnn{X)}i<n<j- This statement is clearly true for i = j. It is true for i < j 
by induction on i, using the triangle: 

X{z,j)^X{z-l,j)^X{z-l,z-l) 

Second, there is an obvious equivalence: X{i,j) ^ X{i,oo) and one can 
form a telescope: 

X{j,j) ^ X{j X{t,j) ^ • • • 

with obvious maps from this telescope to X. It is easy to see that the map 

hoco\im^i^_^)X {i, j) X 
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is an equivalence. Since X{i,j) is built by {iJ7r„(X)}j<„<j, we conclude X 
is built by {if7r„(X)}„<j. 

To finish the proof, note that for any n, if7r„(X) is a A;-module and 
therefore it is clearly built by k in the category of /c-modules. Hence HiTniX) 
is also built by k in the category of i?-modules. □ 

Example 2.8. Let /c be a commutative ring (in the classical sense), let G be 
a topological group and let X be a G-space. Denote by Go the discrete group 
7ro(G). It is easy to see that 7[o{kG) = kGo and that the map of §-algebras 
kG — >• kGo is induced by the map of topological groups G — ^ vro(G). The 
group-ring kG is connective, the /cG-module C*(X; k) is coconnective, there- 
fore, by proposition 12.71 above. C*{X; k) is fcGo-cellular. In fact, C*(X; k) is 
built from the cohomology groups H"'{X; k) which are fcGo-cellular as kG- 
modules (because if"(X; k) is a A;Go-module). 

Example 2.9. Let i? be a finite connected nilpotent space with a fundamen- 
tal group G = 7ri(5). A result of Hihon, Mislin and Roitberg [111 IL2.18] 
shows G operates nilpotently on the modules H^{B), where B is the univer- 
sal cover of B. Since i? is a finite space we see C*(-B; Z) is a bounded above 
ZG-module (i.e. a bounded above ZG-chain complex). From the proof of 
proposition 12. 71 we see that C=k(5; Z) is built by it's homology groups. Every 
Hn{B) is a nilpotent ZG-module and hence Z-cellular. Therefore C*(-B;Z) 
is a Z-cellular ZG-chain complex. 

This generalizes easily for any commutative ring A;, by the following ob- 
servation. It is a simple matter to show that applying the functor k (8>z — 
turns Z-cellular ZG-modules into fc-cellular /cG-modules. Since C^{B;k) is 
equivalent to k ®i C^{B] Z), it is a fc-cellular fcG-chain complex. 

Moreover, this result can be generalized for any S-algebra k that is a 
commutative, connective and bounded above, by the following argument. 
Using the Atiyah-Hirzebruch spectral sequence (see e.g. [9| IV.3.7]) we see 
that 7!'n{C^:{B; k)) are nilpotent 7ro(/i;G)-modules. Since k is bounded above, 
C^:{B; k) is also bounded above. Therefore C*(-B; k) is built from the nilpo- 
tent 7ro(/i;G)-modules if7r„(C*(-B; A;)). Since the modules 7r„(C*(-B; A;)) are 
nilpotent, they are built by i^Qik) in the category of 7ro(A;G)-modules. This 
implies H7in{C^{B; k)) is built by H-KQik) in the category of /cG-modules. 
Since HTTQ{k) is a /c-module, it is built by k (also over kG). Therefore C^{B; k) 
is a fc-cellular A;G-module. 

Example 2.10. Here is a simple example of a connective S- algebra R and 
an unbounded i?-module M which is not /77ro(-R)-cellular. Let k = Htto{R) 
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and suppose R is such that 7r,,(_R) is isomorphic to the graded ring kjyx], 
with X in dimension greater than 0. Let X be the homotopy cohmit of the 
telescope: 

where R ^ E-^^^R is a map representing multiphcation by x. Clearly, X is 
not bounded above. It is easy to show that X is /c-nuU and in particular X 
is not /c-cellular. 

We now turn to the second case where fc-cellularity is particularly simple. 
Here we suppose /c is a retract of R in the derived category Dji and we obtain 
the following simple result, which will be put to good use in section HI 

Lemma 2.11. Suppose k is an R-module via an E>-algebra map a : R ^ k 
and suppose there exists in a map b : k R such that ah = idk (in Dr). 
Then, for any R-module X , the k-cellular approximation of X is given by 
the natural map: 

HomR{k,X) ^ X 

Remark 2.12. Recall that Homij(A;, X) is taken in the derived sense, i.e. we 
take a cofibrant replacement of k before applying the functor Homij(— ,X). 
But now we must explain why this construction results in an i?-module. The 
point is that we can replace k by an i?-bimodule which is cofibrant as a left 
i?-module. So the remaining right action on this bimodule gives the desired 
left i?-module structure on the function complex B.omji{k, X). 

Proof. We start by showing the map a ® 1 : A; — > A; ^r k is an equivalence. 
Clearly (a (g) 1) = idk in D^j i.e. 6 C?> 1 is a right inverse (in D/j) for 

a® 1. We need only show that a® 1 has a left inverse in D/?, since this would 
imply 6 C?) 1 is both a left and right inverse for a® 1. 

The map a induces a functor a* : — > Dr which is right adjoint to the 
functor a* = R/I ®_r — . If A is an i?-module and i? is a fc-module then the 
adjoint of a map / : k^^A ^ B is the composition (a*/)o(a®_Rl) : A — >• a*B. 
Let yU : k^fik ^ khe the map of i?/J-modules that is adjoint to the identity 
map idk via the adjunction above. Set m = a*/i, then the composition: 

k -^^^ k (8>_R k ^ k 

is the map adjoint to /i, hence it is the identity. This proves m is a left 
inverse for a (g) 1 in D/j. 
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Given an i?-module X consider the map a*x '■ B.omji{k, X) X. Since 
B.omfi{k, X) is a fc-module, it is A;-cellular. All that is left is to show a*x is a 
fc-equivalence. Applying the functor B.omji{k, — ) to the map a*x gives: 

B.omp(^{k,a*x) '■ HomR(fc, Hom^(/c, X)) Homptlk, X) 

which is equivalent to the map: 

RouiRik ®R k, X) HomRik, X) 

Since a C?) 1 is an equivalence, so is (a 1)* = Hompt^k, a ® 1). □ 

3 Change of Rings 

Suppose we are given a map of S-algebras R ^ S and an S'-module k. Given 
another S'-module X there are two possible fc-cellular approximations of X 
we can consider: the fc-cellular approximation over S, which is Cellf(X) 
and the /c-cellular approximation over R, which is Cellf (X). We open this 
section by examining the relation between these two cellular approximation 
in lemma 13.11 below. 

Lemma 3.1. Let R ^ S be a map of E>- algebras. 

1. (^Strong independence of basej Let k be an S -module. If S ®r k is k- 
cellular as an S -module, then for any S -module X the map Cellf X X 
is a k-cellular approximation of X as an R-module. In particular 
CellfX ~ CellfX as R-modules. 

2. (Weak independence of ha.se) Let k be an R-module. If S ®r k is k- 
cellular as an R-module, then for any S -module X the map Cellf^^^X — »• 
X is a k-cellular approximation of X as an R-module. In particular 
Cell^X ~ Cellf^^fcX as R-modules. 

Remark 3.2. We have mentioned before the relation between cellular ap- 
proximation and local cohomology of commutative Noetherian rings, which 
was proved in [S]. The independence of base property for local cohomology 
of commutative Noetherian rings is the following: Let R ^ S he a map of 
commutative Noetherian rings and let I he an ideal of R. Then for every 
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S'-module M, the /-local cohomology groups of M, as an i?-module, are iso- 
morphic to the /5'-local cohomology of groups M as an S'-module, where IS 
is the ideal of S generated by /. 

Using Dwyer and Greenlees' result [5i proposition 6.10] one can restate 
this property in cellular approximation terms. Indeed, it is easy to show that 
this independence of base property is nothing other than an equivalence of 
the cellular approximations: Cell^/^M ~ Celll/j^M as -R-modules. 

We have dubbed the two parts of lemma 13.11 as strong and weak in- 
dependence of base, because they describe properties are analogous to the 
independence of base property for local cohomology. In fact, independence 
of base for local cohomology can be proved using the weak independence of 
base for cellular approximation and Dwyer and Greenlees' result. 

Proof of lemma \3.1\ We begin by making the following observation. Sup- 
pose, as above, that i? ^ S" is a map of §-algebras and k is an S'-module. 
Then every S'-module that is fc-cellular over S is also /c-cellular over R. This 
follows easily from the fact that the localizing subcategory of S'-modules gen- 
erated by k is contained in the localizing subcategory of -R-modules generated 
by k. 

We turn to prove the strong independence of base property. Suppose 
S ®R k is fc-cellular as an S'-module. Since CellfX is fc-cellular as an S'- 
module, it is also fc-cellular as an i?-module. We need only show that the 
map /ix : CellfX ^ X is a /c-equivalence of i?-modules. Using adjunctions 
between the ® and Hom functors (see [9l III. 6. 3]) we get: 

Homij(A;,/ix) - Homij(A;, IIom5(S', /i^)) ^ Homs(S' (^r k,fix) 

The map fix is a fc-equivalence of S'-modules. The S'-module S ®i? k is 
fc-cellular and therefore fix is also an S ^r fc-equivalence. This proves 
Rom ji{k, fix) is an equivalence. 

We now prove the weak independence of base property. Let k be an 
i?-module and suppose S k is fc-cellular as an i?-module. As above, 
CeWg^^f^X is built by S ®r k also over R. Since S ®r k is built by k over 
R, we see Cellf^^^X is also built by k over R. We are left with showing the 
map ux : Cellf^^^X — > X is a /c-equivalence of i?-modules. Using the same 
adjunctions as before, we get: 

}iomR{k, vx) ^ Homs(S' ®r k, Vx) 
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Since Hom5(S' k, ux) is an equivalence, we see that ux is a /c-equivalence 
of i?-modules. □ 



The main apphcation of lemma EH] above is to group-rings. We start with 
discrete groups. Fix a commutative §-algebra k and a short exact sequence 
of discrete groups: N G ^ Q. The augmentation map of S-algebras 
kG — > k makes k into a /cG-module. We denote fc-cellular approximation 
over the group-ring kG by Cell*^ whenever k is clear from the context. In 
similar fashion, we will refer to A;G'-modules as G-modules whenever k is clear 
from the context. We say Cell*^ is trivial if for every /cG-module X the map 
Cell^X X is an equivalence. 

The maps of groups induce maps kN —>■ kG — > kQ —>■ k of §-algebras. For 
any G-module X there are two possible fc-cellular approximations: Cell*^X 
and Cell^X, each over a different ring. Similarly, for a Q-module Y we can 
consider two A;-cellular approximations: Cell'^y and Cell'^^y. The relations 
between the various possible fc-cellular approximations are given in proposi- 
tion [3]3] below. 

Proposition 3.3. Let N G ^ Q be a short exact sequence of discrete 
groups and let k be a commutative E>-algebra. 

1. For every G -module X the map Cell^gX X is a k-cellular approxi- 
mation of X as an N -module. In particular there is an weak equivalence 
of N -modules: Cell^X ~ Cell^gX. 

2. If Cell*^ is trivial then for every G-module X the map Cell'~^X X is 
a k-cellular approximation of X as an N -module. In particular there 
is an equivalence of N -modules: Cell*^X ^ Cell^X. 

3. If both Cell^ and Cell^ are trivial, then Cell*"^ is also trivial. 

4. If C^{BN; k) is a k-cellular Q-module, then for any Q-module Y the 
map Cellar ^ Y is a k-cellular approximation of Y as a G-module. 
In particular there is an equivalence of G -modules: Cell*^y ~ Cell'^F. 

Before proving this proposition we need the following lemma. 

Lemma 3.4. The module kG k is k-cellular as an N -module. 

Proof. Clearly G is isomorphic to U^gg N as an A^-space. Hence KG ~ 
]J Q kN as a /cA^-module. The result follows. □ 
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Proof of proposition \3.3[ The previous lemma implies that for the map kN — >■ 
kG and the G-module k the weak independence of base property holds 
(lemma [3. ip . This proves the first item on our list. 

To prove the second item we suppose Cell*^ is trivial. This implies kQ is 
fc-cellular as a Q-module. Since k is clearly Q-cellular as a Q-module, we see 
k and kQ build each other over kQ. But then k and kQ build each other 
also over kG. We see that for every G-module X the map Cell^gX — > X is 
a fc-cellular approximation of X as a G-module. To finish the proof of the 
second part of the proposition we apply the first part that, which was proved 
above. 

Now suppose both Cell*^ and Cell^ are trivial and let X be a G-module. 
Because Cell*^ is trivial, the natural map Cell^X ^ X of G -modules is a k- 
cellular approximation of X as an X-module. Since Cell^ is trivial, this map 
is an equivalence of X-modules, hence it is also an equivalence of G-modules. 
This proves the third item on our list. 

For the last item note that C*(BX; k) ~ kQ^ck- Thus the result follows 
from strong independence of base (lemma 13.11) □ 

Example 3.5. Let N G ^ Q he a. short exact sequence of finite groups 
with N being a central subgroup of G and Q an abelian group. Let k be 
a commutative ring. It is easy to show that the action of Q on H^,{BN; k) 
is trivial, i.e. every element of Q acts as the identity. Since Q is abelian, 
the results of Dwyer and Greenlees [5l propositions 5.3 and 6.9] show that 
C*(BX; k) is a /c-cellular /cQ- module. So, by lemma [331 for every kQ-modnle 
M, the map Cell'^M ^ M is a fc-cellular approximation of M kG- 
module. 

Example 3.6. Here is an example where there is no independence of base 
property. Let S3 be the symmetric group on three elements. There is a short 
exact sequence of groups: 

C3 ^ Tj^ —>■ C2 

where C„ is the cyclic group of n elements. Let R be the group ring ZS3, let 
S be the group-ring ZC2 and let k be the S'-module Z with trivial C2-action. 
As noted in the previous example, S ®r k is equivalent to the chains of the 
classifying space of C3, namely C*(BC3;Z). Recall ifi(BC3;Z) = Z/3 (the 
group Hi{BGi] Z) is 7ri(C^.(BC3; Z)) in our usual notation). It is easy to see 
that the G2 action on Hi{BG^ \ Z) is simply exchanging the two generators of 
Z/3. 
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Let / be the augmentation ideal of S, i.e. the kernel of the map ZC2 Z. 
Had S k been fc-cellular as an S-module, then HiiBC^-jZ) would have 
been a nilpotent S-module by [5l proposition 6.11]. But it is easy to see that 
Hi{BC3] Z) is not a nilpotent S-module. Moreover, this argument also shows 
that S ®ij k is not fc-cellular even as an i?-module. 

We turn to discuss the applications of lemma 13.11 to topological groups. 
We start with the following example. 

Example 3.7. Let i? be a finite connected nilpotent space and k a com- 
mutative ring. The map QB —>■ T^iiB) of topological groups induces a map 
/c[r2i?] A;[7ri(i?)], we show this map has the strong independence of base 
property. 

Let B be the universal cover of B. The following is a homotopy fibration 
sequence: 

B ^ B ^ Kim{B),l) 

The map of §-algebras we have in mind is the induced map of group rings: 
/c[r2i?] — > A;[7ri(i?)]. As noted in example l2.9[ C*(i?;fc) is a fc-cellular /c[7ri(i?)]- 
module. Note that k[7ri{B)] ®k[nB] k is equivalent to C*(-B; k). This implies 
strong independence of base (lemma ISTTl) . i.e. for any /c[7ri (5)] -module X the 
map is a fc-cellular approximation of X as a fc[f2i?]-module 

(strong independence of base). The importance of this property will become 
clear in section [51 

The general property alluded to in example 13. 71 is given in the next propo- 
sition. Note that if F ^ E ^ B is a homotopy fibration sequence of spaces 
with B a connected space, then F is equivalent to a flB-space (we recall this 
standard construction at the beginning of section [5]). Hence we assume that 
C=k(-F; k) is a A;[fii?]-space. 

Proposition 3.8. Let F ^ E ^ B be a homotopy fibration sequence of 
spaces with B and E connected and let k be a commutative Ei-algebra. Suppose 
C*(-F; k) is a k-cellular k[QB]-module. Then for every k[QB]-module X the 
map is a k-cellular approximation of X as a k['D,E]-module. 

Proof. From lemma [SH] we see it is enough to show that k[QB] ®k[nE] /c is a 
/c-cellular k[QB]-module. Hence it would suffice to show that k 
is equivalent to C*(F; k) as ^[$75] -modules. 

Consider the homotopy fibration sequence flB —>■ F —>■ E. The Borel 
construction gives an equivalence flB x^^ ^ F. Moreover, the map 
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giving this equivalence is map of f2i?-spaces. Thus we have an equivalence 
of -modules: 

C,{QB XnE WfiE; k) ~ a(F; A;) 

To finish the proof we use the results of Elmendorf, Kriz, Mandell and May 
^ proposition IV. 7. 5 & theorem IV. 7. 8], which show that: 

C,{QB xnE WQE; k) - C,{QB- k) ®k[nE\ C^WQE; k) 

Since C^{W flE; k) ~ fc, we are done. □ 

Example 3.9. Let G be a discrete finite group. Take an embedding of G 
into the group SU{n), there is always such an embedding for a large enough 
n. This embedding makes SU (n) into a G-space. Fix a commutative ring k. 
We show that the principal fibration sequence 

SU{n) SU{n)/G BG 

and the commutative ring k satisfy the conditions of proposition 13.81 All 
we need is to show C*(Bi7S'?7(n); k) is a fc-cellular G-module. It is easy to 
see that the G-action on BfiS'f/ (n) ~ SU{n) comes from the embedding of 
groups G SU{n). In j6] example 5.9], Dwyer Greenlees and Iyengar show 
that this map makes C^,{SU{n)■, k) into a /c-cellular fcG-module. 

We end this section with an example of a topological group G where the 
map kG A;[7ro(G)] does not have strong independence of base property. 

Example 3.10. Fix some natural number n and consider the following fi- 
bration of pointed spaces: 

As in example [321 we set R = Z[^]MP"] (recall this is C,(r]MP";Z)) and 
S = Z[QBG2]- The weak equivalence of topological groups QBG2 — G2 
induces an equivalence between the derived category of 5'-modules and the 
derived category of Z[G2]-modules (see [9] theorem III.4.2]). So we will work 
in the category of Z[G2]-modules instead of the category of S'-modules. 

The action of G2 on the n-sphere S*" is by the antipodal map. If n is 
odd this map is homotopy equivalent to the identity. This implies that we 
are in the same situation as in example 13. 7[ However, if n is even, then the 
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antipodal map induces a non-trivial action on the reduced homology groups 
of the n-sphere S"'. Thus 7r„(C*(S'"; Z)) is a non-trivial C2-module, the C2- 
action being multiplication by —1. We will show this C2-module, which we 
denote by Z, is not Z-cellular as a Z[C2]-module (we consider Z to be a 
Z[C2]-module with the trivial action of C2). 

The ring Z[C2] is commutative and its augmentation ideal is finitely gen- 
erated, so by proposition 6.11] a finitely generated Z[C2]-chain complex 
is Z-cellular if and only if all of its homology groups are nilpotent discrete 
Z[C2]-modules. It is easy to see that Z is not a nilpotent module and therefore 
C*(5'"';Z) described above is not Z-cellular as a Z[C2]-module. 

4 Cellular Approximation in Nilpotent Groups 

Fix a prime number p and let k he a commutative §-algebra such that TTQ{k) 
is an Fp-algebra. In this section we consider /c-cellular approximation over 
a group- ring kG, where G is a finite group. When G is a p-group we show 
that every fcP-module is fc-cellular, this is done in corollary 14. 3[ For a finite 
nilpotent group G we give a nice formula for A;-cellular approximation over kG 
in proposition 14.41 We further show, in proposition 14. 7^ that k is proxy-small 
as a /cG-module. 

4.1 Finite j9-groups 

Recall that 7To{k) is an Fp-algebra. This implies the multiplication by p map: 
k ^ k is equal to the zero map in D^. Using this fact we will show that if 
P is a finite p group, then k finitely builds kP. In particular we get that k 
is a proxy-small fcP-module and hence every fcP-module is fc-cellular. These 
results are obvious when is a commutative Fp-algebra and the generalization 
to the case where k is an S-algebra is simple. 

Proposition 4.1. Let P be a finite p-group and k a commutative E>-algebra 
such that no{k) is an ¥p-algebra. Then k finitely builds kP in the category of 
kP -modules and therefore k is a proxy-small kP-module. 

We start by proving the following lemma. 

Lemma 4.2. Let C be a finite cyclic group with a generator g and let k be 
any commutative E>-algebra, then there is a triangle: 

T.k^K ^k 
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Where K is the homotopy cofiber of the map kC ^ kC. 

Note that the construction of such a triangle is obvious when is a 
commutative ring. Indeed there is a short exact sequence: 

0-^k-^kC^kC-^k-^O 

Proof of lemma \4-S\ Let us begin with the case where k is the sphere spec- 
trum §. By [9, IV. 3.1] there is a map of §-algebras SC H'Kq(E>C). Note 
that H7Cq{E>C) = HIjC . Clearly HTjC ®§c K is equivalent to the cone of the 

map ZC 7LC and hence: 

-•(™^®-*') = {o otirerwiL 

The augmentation map §C § induces a map f : K Ei. There is 
also a map S SC of SC-modules, which is defined by 1 H-i> J2x&c ^- 
can easily check this is indeed a map of §C-modules and it induces a map 
g : SS K. Let F be the homotopy fiber of the map /, then clearly: 

Since the composition S SC ^— ^ SC is zero , one sees that the map g 
induces a map g' : SS F . It is easy to check that the induced map 

HZC ®sc S§ ^ HZC ®sc F 

is an equivalence. Consider the mapping cone Cone(5f'). This SC-module is 
bounded below, simply because of it's construction. In addition, HIjC ®sc 
Cone((y(') ~ 0. Hence, by P IV.3.6], Cone{g') ~ and the map g' is an 
equivalence, yielding the desired triangle: 

E§ ^ ^ § 

Now suppose k is any commutative S-algebra. Note that: ~ ®§ § 
and kC ~ A; ®§ SC. Hence applying the functor ®§ — to the triangle 
E§ K -^'B gives the triangle: SA; ^ K ^ k. □ 
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Proof of proposition 4-1 We start with the case where P is the cydic group 
of p elements. Let ghe a generator of P and let K be the homotopy cofiber of 

the map kP kP. By the previous lemma, k finitely builds K. Denote by 

Kn the homotopy cofiber of the map kP > kP. Consider the following 

commutative diagram whose rows and columns are triangles: 

Kn Kn+i K 



kP 



kP' 



(1-9)" 



(1-9)" 



1-g 

kP kP 



From the top row we see, by induction on n, that Kn is finitely built from K. 
In particular Kp is finitely built by K. Since the map (1 — gY is equivalent 
to the zero map, the module Kp is equivalent to kP © H^^kP. Therefore Kp 
finitely builds kP and hence k finitely builds kP. This completes the case 
where P is the cyclic group with p-elements. 

Now suppose P is any finite p-group. We prove the proposition by in- 
duction on the order of P. Since P is a finite p-group, there is a short exact 
sequence of groups: 

N ^ P ^Cp 

Where Cp is the cyclic group with p-elements. By the induction assumption, 
k finitely builds kN in the category of /cA^-modules. By applying the functor 
kP®kN— to the recipe of constructing kN from k, we see that kP®k]^k ~ kCp 
finitely builds kP ®kN kN ~ kP in the category of /cP-modules. 

We saw that k finitely builds kCp in the category of /cCp-modules. Hence 
k also finitely builds kCp in the category of /cP-modules. We conclude k 
finitely builds kP in the category of fcP-modules. 

Finally, kP is a Koszul-complex for k, since kP is a small fcP-module, k 
finitely builds kP, and clearly kP builds k. □ 

Here is the obvious corollary of proposition 14.11 

Corollary 4.3. Let P be a finite p-group and k a commutative E>-algebra 
such that 7ro(/c) is an ¥p-algebra. Then every kP -module is k-cellular. 
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4.2 Finite Nilpotent Groups 

Let be a finite nilpotent group. As before, p is a fixed prime number 
and A; is a commutative §-algebra such that 7ro(fc) is an Fp-algebra. Let P 
be a p-Sylow subgroup of and let H = N/P. Since A^ is nilpotent, it is 
isomorphic to the group P x H. 

Proposition 4.4. Let N, P, H and k be as above. Then for any N -module 
X, the map: HomkN{kP, X) X (induced by the map kN kP), is the 
k-cellular approximation of X as an N -module. 

Proof. There is a short exact sequence of groups: l^H^N^P-^1. 
As we saw in proposition 14. k builds kP. Hence /c-cellular approximations 
are the same as fcP-cellular approximations. 

Since P is a p-Sylow subgroup, the order of H is prime to p. This implies 

the map: k > k (multiplication by the order of H) is an equivalence. Let 

b : k ^ kH be the map defined (up to homotopy) by sending 1 to T^henh. 
The composition k —>■ kH k is the multiplication by \H\ map, hence 
an equivalence. Thus the augmentation map kH k has a right inverse, 
showing is a retract of kH (in the derived category T)kH)- Applying the 
functor kN ®kH — to these maps yields two maps: kP KN kP whose 
composition is the identity (in D^at). Note that the right map is the one 
induced by the map N ^ P of groups. Now we use lemma 12. IH showing: 
B.omk]\f{kP, X) — i> X is a A;-cellular approximation of X as a kH-modnle. □ 

Remark 4.5. Note that the map B.omkN{kP, X) —>■ X is equivalent to the 
map B.omkH{k, X) X by well known adjunctions. Suppose that k = ¥p, 
then is a projective if-module (because it is a retract of kH). This implies 
the derived functor: Homjt/^(/c, — ) is equivalent to the non-derived version. 
So, for a fcX-chain complex X, Cell^X is the fixed points of the if-action 
on X, commonly denoted X^ . 

In fact, the proof of proposition 14.41 implies a slightly more general result: 

Proposition 4.6. Let H ^ G ^ P be a short exact sequence of finite 
groups, with P being a p-group. Suppose that the order of H is prime to p 
and that TTo{k) is an ¥p-algebra, then for any kG-module X the natural map: 
HomkcikP, X) X is a k-cellular approximation of X as a kG-module. 

We also show that k is proxy-small as a /cX-module. This will later enable 
us to use Dwyer, Greenlees and Iyengar's formula for cellular approximation 
[HI theorem 4.10]. 
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Proposition 4.7. Let N be a finite nilpotent group and k a commutative S- 
algebra such that TTo{k) is an ¥p-algebra. Then k is a proxy-small kN -module. 

Proof. As before let P be the p-Sylow subgroup of and let H = N/P so 
N = P X H. We will show that kP is a Koszul complex for k over kN. From 
the proof of proposition 14.41 above we see that A; is a retract of kH (in D^tv)- 
This implies kN ®kH k ~ kP is a retract of kN ®kH kH ~ kN . Hence kP is 
small as an A^- module. 

From proposition 14.11 we see k finitely builds kP over kP and therefore 
k also finitely builds kP over kN . Clearly kP builds k over kN ., since is a 
fcP-module. Hence kP is a Koszul-complex for k over kN . □ 

5 Relation with the target of the Eilenberg- 
Moore Spectral Sequence 

Fix a fibration sequence F ^ E ^ B, where E and B are always assumed 
to be connected spaces. Let WQB be a contractible space with a free Imp- 
action (such as the one described by Rothenberg and Steenrod in [l5]). The 
pullback of the diagram: 

□ ^E 

I 

y ' ' 

wnB ^B 

is a (right) QB-space equivalent to F. So, without loss of generality, we will 
assume F is a QB-space. Let k he a commutative S-algebra. In this section 
the chains of spaces are always taken with coefficients in k, therefore we omit 
k from the notation C*(— ; k). We use R to denote the group-ring k[QB], i.e. 
C,{nB; k). So C,(F) and C*(F) are both P-modules. 

The results of Dwyer, Greenlees and Iyengar imply that, under some 
conditions on the space B, the natural map G*{E) ®c*{b) k C*(F) is 
a fc-cellular approximation of C*(F) over R (see P, theorem 4.10]). These 
conditions on B are specified in lemma 15.61 below. Applying the machinery 
we have set up in the previous section to the fc-cellular approximation of 
C*{F) over i?, we obtain the following theorems. 

Theorem 5.1. Fix a prime p. Let N be a finite nilpotent group and let 
P Q N be the p-Sylow subgroup of N, so N = P x H with the order of 
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H being prime to p. Let F ^ E BN be a homotopy fibration sequence 
over the classifying space of N, with E being a connected space. If k is any 
commutative S-algebra such that TCo{k) is an ¥p-algebra, then: 

C*{E;k) (^C*(B;k)kc:^C*{Fh^H)) 

Where Fh(H) is the homotopy orbit space of F with respect to the H -action 
on F. In particular, if N = P then 

C*iE;k) (S)c*iB;k)k-C*iF; k) 

Theorem 5.2. Fix a prime p. Let B be a finite connected nilpotent space 
with a finite fundamental group N = 7Ti{B). Let P O N be the p-Sylow 
subgroup of N, so N = P x H . Let F ^ E B be a homotopy fibration 
sequence over B, where E is a connected space. Then: 

TorZ^''-'^''\C*iE;¥p),¥p) = H^iF;¥pf 

Where H"'{F; ¥p)^ are the fixed points of the H -action on H"'{F; ¥p). 

Remark 5.3. The tensor product C*{E) ^c*{b) k needs, perhaps, some 
clarification. The maps E ^ B and pt ^ B induce maps of fc-algebras 
C*{B) C*{E) and C*{B) k. These maps make C*{E) and k into 
C*(i?)-bimodules. Considering C*{E) as a right C* (i?)-moduIe and /c as a 
left C*(-B)-module, we form the tensor product: C*{E) ®c*(B) k. 

Remark 5.4. The Eilenberg-Moore spectral sequence is of the form: 

Ej, = Tor;;f*(^))(7r,(C*(E)),7r.(A;)) np^,{C*{E) ®c*iB) k) 

The version of the Eilenberg-Moore spectral sequence we consider is the one 
given in [9, IV.4.1]. Its convergence properties are also described there and 
elsewhere in the literature and will not be treated here. However, note that 
theorems 15.11 and 15.21 do describe the E'^ term of this spectral sequence. 

As noted in the introduction, the first result (theorem 15.11) generalizes 
a result of Kriz from [H], showing convergence of the Eilenberg-Moore co- 
homology spectral sequence for a fibration over B(Z/p), with coefficients in 
Morava i^'-theory. The second result (theorem 15. 2p is the dual to a result of 
Dwyer [1] concerning convergence of the Eilenberg-Moore homology spectral 
sequence and in fact follows from it. 

We start by recalling some known properties of fibrations and S-algebras. 
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Lemma 5.5. Let F E ^ B be a fibration as above and let R = k[QB], 
then: 

1. Homji{k, k) ^ C*{B) as E-algebras. 

2. C,{F)(E)B.kc^C,{E). 

3. The modules Homii{k, C*{F)) and C*{E) are equivalent as right C*{B)- 



Proof. First, recall that WQ,B is a contractible free fiS-space. The term 
"free" is as defined by Rothenberg and Steenrod in It is easy to see 

that C^iWQB; k) is a cell i?-module (see [U III. 2.1]) that is equivalent to k 
as i?-modules. 

For the first equivalence, note that WQB Xqb pt is equivalent to the 
classifying space of QB which is B. Therefore, by [9l proposition IV. 7. 5 & 
theorem IV. 7.8], we see k (8>i? k ^ C^{B; k). This equivalence implies: 



This equivalence is indeed an equivalence of S-algebras. This was noted 
by Dwyer and Wilkerson in [SI proof of lemma 2.10] and also by Dwyer, 
Greenlees and Iyengar in [6l 4.22]. We sketch the argument here. Consider 
the following maps of §-algebras, all of which are equivalences: 



C*{B) = Homfc(C,(5; A;), k) ^ Homfc(C,(W^]5 Xf^^ pt); k) 

= Homfc(C*(WnS) ®n k; k) ^ HomR(C,(W(]5), a(Wfi5)) 



The first isomorphism follows from the structure of WfiS as a free fi5-space. 
The second isomorphism is ^ proposition III. 6. 3]. 



For the second equivalence, recall the homotopy orbit space of the VtB- 
space F is Fuq^b = Fx^b^^B. There is a well known equivalence E ~ Ehns 
(this is sometimes called the Borel correspondence). Using again the results 
of in proposition IV.7.5 & theorem IV. 7.8], we see that C*(F) A; ~ C^{E) 
(we consider F as a right f2i?-space, thus C*(F) becomes a left i?-module). 

This last equivalence implies that: 



modules. 



C*{B) ~ Homfc(a(5; k), k) ~ Homfc(A; k, k) 
~ Hom^(/c, Homfc(A;, k)) ^ }iomji{k, k) 



Romnik, C*(F)) ~ Hom^(fc, Homfe(a(F), k)) 

~ Homfe(C,(F) (^R k, k) ~ C*{E) 
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Both Hom^(A;, C*(F)) and C*{E) are right C*(B)-modules. The module 
B.omji{k, C*{F)) is naturally a right B.omji{k, A;)-module by the composition 
pairing: 

Homjj(fc, C*(F)) ®k ^omnik, k) HomR(A;, C*(F)) 

(see |9l I1I.6.12]). The map C*{B) ^ YLoYiiR^k.k) makes HomH(A;, C*(F)) 
into a right C*(i?)-module. For G*{E), it is a right C* (i?)-module by the 
map of §-algebras C*{B) C*{E). 

The equivalence B.omji{k,C*{F)) ~ C*(i?) is an equivalence of right 
C*(i?)-modules. An outline of proof of this fact, for the case k = H¥p, 
can be found in [8] - in the course of the proof of lemma 2.10 there. These 
arguments of Dwyer and Wilkerson from [8] readily generalize to an arbitrary 
§-algebra k, showing the modules Homn^k, C*(F)) and C*{E) are equivalent 
as right C*(-B)-modules. □ 

As mentioned at the beginning of this section, results of Dwyer, Greenlees 
and Iyengar from [6] show, under some conditions, that the natural map 
C*{E) ®c*(B) k C*{F) is a fc-cellular approximation of C*(F) over R. 
These conditions are summarized in the following lemma. 

Lemma 5.6. If any one of the three conditions below holds, then k is proxy- 
small as an R-module and the map C*{E) ®c*(b) k C*{F) (defined in Dr) 
is a k-cellular approximation ofC*{F) as an R-module. 

1. k is a commutative S-algebra and B is a finite space. 

2. k is a commutative E>-algebra such that 7To{k) is an ¥p algebra and B is 
equivalent to an Eilenberg-Mac Lane space of type K{N, 1) where N is 
a finite nilpotent group. 

3. k is a commutative ring (in the classical sense) and B ~ K{G,1), 
where G is a finite group. 

Proof. We first explain the origin of the map C*{E) ®c*(b) k C*{F). By 
the previous lemma (15. 5p there is an equivalence: 

C*iE) ®c*(B) k - RomRik, C*{F)) ^End^w k 

This is an equivalence of i?-modules, since the i?-module structure on each 
of the tensor products is induced by the i?-module structure of k. There is 
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a natural map Hom7^(fc, C*(F)) ^Enduik) k C*(F) of i?-modules (adjoint 

to the identity map HomR(fc, C*(F)) ^ HomR(A;, C*(F)) of right End/j(fc)- 
modules). This is the map referred to in the statement of the lemma. 

If k is proxy-small as an i?-module, then, by [6^, theorem 4.10], the map: 
HomK(fc, C*(F)) — >• C*(F) is a /c-cellular approximation of C*(F) as an R- 
module. Every one of conditions above ensures /c is a proxy-small -R-module. 
The first condition by [6l proposition 5.3], the second condition by proposi- 
tion Upland the third condition by [6l example 5.9]. □ 

Example 5.7. We continue with example 13. 9[ Recall G is a finite group and 
G SU (n) is an embedding of groups. As in example 13.91 we take k to be 
a commutative ring. Consider the fibration sequence: 

G SU{n) SU{n)/G 

The base space of this fibration is a finite space, thus satisfying the first 
condition of lemma [521 Therefore the map: 

C*{SU{n)) ®c*(5C/(n)/G) k^kG 

is a /c-cellular approximation of i?-modules, R being the group ring k [fi (^SU {n)/G)~\. 
In example 13.91 we saw there is a strong independence of base (lemma 13.11) 
with respect to the map R kG and the module k. In particular Cellf (/cG) 
is equivalent to Ce\\'^{kG). We conclude that: 

C*{SUin)) ®c-(5C/{n)/G) k ~ Cell^(fcG) 

This implies that the target of the Eilenberg-Moore cohomology spectral 
sequence for the fibration G — > SU{n) — *• SU{n)/G is Cell*^/cG. For example, 
if G is an abelian group, then the results of Dwyer and Greenlees [5] imply 
that 

Ti.,{c* {SU{n)) ®c'(suin)/G) k^ = HiikG) 

where / is the augmentation ideal of kG and Hj{—) denotes the local coho- 
mology groups with respect to /. 

Before continuing to the proofs of theorems 15.11 and 15.21 we demonstrate 
the use of cellular approximations by giving a different proof to the following 
result of Dwyer from [3] . 



27 



Proposition 5.8. Let k be a commutative ring and let F ^ E ^ B he a 

fibration sequence where E and B are connected and B is either a finite space 
or the classifying space of some finite group. Suppose 7ii{B) acts nilpotently 
on the cohomology groups H"'{F] k), i.e. for every n > and x G H^{F] k) 
there exists some m > such that (1 — g)"^x = for all g G ni{B). Then 
there is an equivalence of kQB -modules: 

C*{E) ®c.(B) A; ~ C*(F) 

Proof. As usual, we use R to denote the §-algebra k[QB]. From lemma ES] 
we see it is sufficient to show that C* (F) is a fc-cellular i?-module. Because R 
is connective and C*{F) is bounded above, C*{F) is built from it's homotopy 
groups (see the proof of proposition 12. 7p . In other words, C*{F) is built by 
the /c[7ri(i?)]-modules {H^{F; A;)}„>o- So, it is enough to show that for every 
n, H^{F] k) is a fc-cellular i?-module. 

Fix some n. The /c[7ri(i?)] -module H^{F] k) can be written as an increas- 
ing union of nilpotent A;['7ri(i?)]-modules: H"'{F; k) = IJi>i ^« where Ni is a 
nilpotent fc[7ri(i?)]-module of class i. It is easy to see, using induction on i, 
that each Ni is a fc-cellular /c[7ri(i?)] -module. The /c[7ri(S)]-module H^{F; k) 
is equivalent to the homotopy colimit of the telescope A^i N2 ■ ■ ■ . 
Since the homotopy colimit of fc-cellular modules is fc-cellular (see, for exam- 
ple [ID]), we conclude H'^{F; k) is fc-cellular as a fc[7ri(_B)]-module. But this 
implies H^{F] k) is fc-cellular also as an i?-module. □ 

Proof of theorem \5. 1\ By |9l theorem III. 4. 2], the equivalence VLB ~ in- 
duces an equivalence of the derived categories: ~ D^at. This means we 
can work in the category of /cA^-modules instead of -R-modules. To do that 
we replace F by an equivalent A^-space, which we will also denote F. Since 
C*{E) ®c*{B) k ~ Cell^C*(F), the result follows from proposition 14.41 by 
noting that: 

Rom,[H]{k, C*{F)) ^ Hom,(C,(F) ^^IH] k, k) C*(F,(^,)) 

The last equivalence: C*(F) ®k[H] k ~ Ffi(^H), follows from two results of 
Elemendorf, Kriz, Mandell and May [9j, proposition IV. 7. 5 & theorem IV. 7. 8]. 

□ 

Our next goal is to prove theorem 15. 2[ For that purpose, we will de- 
compose the topological group QB into the following homotopy fibration 
sequence: 

VLB ^ VLB ^ nK{ni{B),l) 
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where B is the universal cover of B and K{iti{B),1) is the appropriate 
Eilenberg-Mac Lane space (i.e. the classifying space of ni{B)). 

Let Q denote the topological group QK^ni^B),!) and set G = 7ii{B). 
Instead of working with fcQ-modules, we would much rather work with kG- 
modules. The following observation shows that for all of our purposes we can 
replace /cQ-modules by fcG-modules. The map fi : Q ^ 'n'oiQ) = G is a weak 
equivalence and therefore the induced map fi : C*(Q; k) kG of §-algebras 

is also a weak equivalence. By [9], theorem III. 4. 2], the functor D^g ^ D^q, 
induced by /x, is an equivalence of these derived categories. This implies we 
can work over kG instead of kQ. Moreover, the map ip : R —>■ kG, induced 

by the map VlB — * 7ro(fi-B) = G, is equal to the composition R kQ kG. 
Hence the functors: tlj*fi* and (p* are equal. 

Here is the main idea of the proof of theorem 15. 2[ Recall F E ^ B 
is a fibration with B a finite, connected, nilpotent space and k is the field 
¥p. From the proof of proposition 12.71 we see that C*{F) is built from the 
A;[7ri(i?)]-modules: {H"-{F; k)}n>o. We will show that the /c-cellular approxi- 
mation of C*{F) (which is C*{E)(^c*{B)k) is built from the fc[7ri( 5)] -modules: 
{Ce\\'l{B)H"'{F; fc)}„>o- Then we apply the results of section H] to compute 
the modules CeW'^^'^ m{F; k). 

Proof of theorem \5.2[ Set k = ¥p, we remind the reader that R denotes the 
group ring k[flB], N is the fundamental group 7Ti{B), P is a p-Sylow sub- 
group of and H = N/P. By lemma [531 C*{E) ®c*(b) k is a fc-cellular 
approximation of C*(F) as an i?-module. So it is enough to show Ce\\^C*{F) 
has the desired homotopy groups. 

Example 12.91 shows that C^:{B) is a fc-cellular fcA^-module. So by the 
proposition 13. 8[ for every A^-module X, the map Cell^X — ^ X is a fc- 
cellular approximation of X as an i?-module. Proposition 14.41 shows the map: 
B.omkN{kP, X) — >^ X is a /c-cellular approximation of X as a A;X-module. In 
fact, as noted in remark HomjtAr(/cP, X) is the strict fixed points of the 
H action on X, denoted X^ . 

We use now the notation of Dwyer and Greenlees from |S] , this is the same 
notation used in the proof of proposition 12. 7[ In this notation if"'(F; k) = 
C*(F)(-n, -n) and Cellf (C*(F)(-n, -n)) ~ H'^iF; k)^ . We now prove, by 
induction on i, that for every n such that < n < i: 

(1) 7r_„,Cell^(C*(F)(-z,0)) -if"(F;A;)^ 
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For the induction step, consider the triangle: 



C*(F)(-z,0) ^C*(F)(-i-l,0) ^ C*(F)(-z- 



1) 



taking /c-cellular approximation of this triangle yields the following triangle: 



Cell^(C*(F)(-^,0)) Cell^(C*(F)(-z-l,0)) Cell^(C*(F)(-^-l,-^-l)) 



The long exact sequence of homotopy groups, for this last triangle, shows 
that ([I]) holds for < n < z + 1, thus completing the induction. 

From the proof of proposition l2.7l we see that: C* {F) ~ hocolimjC* {F) {—i, 0) . 
Next we show that: 



By a result of Dwyer and Greenlees [5], proposition 4.3], the fc-cellular ap- 
proximation of an i?-module X is given by the map: Cellf (i?) 0nX ^X, 
whenever k is proxy-small. The functor Cell^(-R) 'S>r — is a left adjoint and 
therefore commutes with homotopy colimits. Hence taking fc-cellular approx- 
imations commutes with homotopy colimits and the desired equivalence in 
(ED follows. 

Finally, from ([1]) and ([2]) above it easy to see that: 



6 A spectral sequence 

As before, let F E B he a fibration sequence. The proof of theorem 15.21 
shows that when 5 is a finite nilpotent space and is a commutative ring 
then Cell^C*(F) is built from the modules CellJt'''^^^'^r"(F; k). We use this 
observation to construct a spectral sequence converging (conditionally) to 
Celiac* (F; A;), where k is any commutative ring. Below, in 16.11 we demon- 
strate the use of this spectral sequence for the case where 7ri(i?) is a cyclic 
group. 



(2) 



Celiac* (F) ~ hocolim,Cell^(C*(F)(-i,0)) 




H 



□ 
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Proposition 6.1. Let F E ^ B be a fibration where E and B are 
connected and let k be a commutative ring. Suppose B is a finite nilpotent 
space and set N = nii^B). There exists a spectral sequence: 

= 7r2p+,(Cell^i/P(F; k)) 7rp+g(Cellf C*(F; A;)) 

where R denotes the E>-algebra k[QB]. Convergence is as in the usual case 
for the spectral sequence of the homotopy colimit of spectra. 

Proof. The S-algebra R = k[QB] is connective and bounded-above. Con- 
nectivity of R implies the existence of Postnikov sections in the category of 
_R-modules (see [6l lemma 3.2]). Since k is bounded above, the i?-moduIe 
C*(F) is also bounded above. So, the same arguments as in the proof of 
theorem 15.21 show that: 

CellfC*(F) ~ hocoIimpCell^(C*(F)(-p,0)) 

This gives a spectral sequence whose ii^^-term is: 

El^ = 7r,+,(^Cone(CellfC*(F)(-p + 1,0) ^ Cellf C*(F)(-p, 0))^ 

For p = 0, we get: E^^ = 7rg(Cell^C*(F)(0, 0)). For p > 0, note that taking 
fc-cellular approximations preserves triangles. Hence: 

Cone(CellfC*(F)(-p+ 1,0) Cell^C*(F)(-p, 0)) ^ 
- CellfCone(C*(F)(-j9+ 1,0) ^ C*{F){-p,0)) 
~ CeW^ HP {F;k)) 

The same arguments as in the proof of theorem 15.21 show that 

Cell^HP{F; k) ~ Cell^i/f (F; k) 

for every p. This yields the desired i^^^-page. □ 

Remark 6.2. The proposition above holds also when is a commutative, 
connective, bounded above §-algebra. 
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6.1 Fibrations over a nilpotent space with cyclic fun- 
damental group 

The setting we consider is as follows. Let F ^ E ^ B he a homotopy 
fibration sequence. We assume i? is a connected, finite, nilpotent space with 
a cyclic fundamental group and E is a connected space. Let be a Noetherian 
commutative ring. We use C to denote the fundamental group 7ri(i?). 

As mentioned earlier, a result of Dwyer and Greenlees ^ connects k- 
cellular approximations over kC with /-local cohomology of fcC-modules, 
where I is the augmentation ideal of kC. This gives the following explicit 
description for /c-cellular approximations over kC. Let x be a generator of 
C, so z = {1 — x) is a generator of /. Then, for every /cC-chain complex M, 
there is a triangle: 

CelFM M M[l/z] 

where M[l/2;] is the homotopy colimit of the telescope: M ^ M ^ ■ ■ ■ . 
Note that this implies {'n'iM)[l/z] = 7rj(M[l/2;]). In particular, we have a 
long exact sequence: 

^ TTiCeW^M TTiM TTiM[l/z] TTi^iCelFM ^ ■ ■ ■ 

We shall use the notation F/M for the /-power torsion sub-chain complex 
of M, namely: 

TjM = {m e M\I"-m = for some n} 

So, if vri(M) = for alH 7^ and vro(M) = Mq we have the following exact 
sequence: 

^ TToCelFM ^ Mo ^ Mo[l/z] n.^CeW^M 
This implies 

TToCell^M = L/Mo, 7r_iCelFM = {Mo[l/z])/Mo 

and 7rjCell*"M = for i ^ 0, —1. We have gathered all the ingredients to 
prove the following result. 

Lemma 6.3. Let F E ^ B be a homotopy fibration sequence. Suppose 
B and E are connected and B is a finite, nilpotent space with a cyclic funda- 
mental group with generator x. Let k be a Noetherian commutative ring and 
let I denote the augmentation ideal of the group ring k['Ki{By\. Then: 

MC*{E) ^cHB) k)=rjH%F; k) 



32 



and for every n > there is a short exact sequence: 

^ k)[l/z]/H"'-\F; k) ^ 7r_„(C*(E)®c*(B)fc) r,i7"(F; A:) ^ 

where z = 1 — x. 

Proof. Since i? is a finite space, by lemma ES] we see that C*{E) (S>c*(b) k ~ 
Cell^^^^'C*(F). Now we apply the spectral sequence of proposition 16 .![ Note 
that the homotopy groups of Cell^ HP{F; k) are: TjHp{F; k) in dimension 0, 
HP{F; k)[l/z]/HP[F] k) in dimension -1 and zero elsewhere. Using standard 
spectral sequence arguments we obtain the desired result. □ 

Here is an example for the use of this lemma. 

Corollary 6.4. Let F, E and B he as in lemma 1 6'. 51 Suppose in addi- 
tion that TTi{B) is the cyclic group of order 2 and F is of finite type. If 
C*{E; Z) ®c*(B;Z) Z ~ Z then for every n > 0, H"'{F; Z) are finite groups of 
odd order with the action ofTTi{B) being multiplication by -1, and H^{F; Z) = 
Z has the trivial action of tti^B). 

Proof. Denote by x the generator of 7ri(i?) and set z = 1 — a; G Z[7ri(i?)]. 
Since z"^ = 2z, then for every discrete Z[7ri(i?)]-module M, the discrete 
module M[l/z] is uniquely divisible by 2. From lemma we see that for 
n>0, H''{F; Z) ^ Z)[l/z] and in particular TjH''{F; Z) = 0. Hence 

H"{F; Z) is a finitely generated abelian group that is uniquely divisible by 
2, and therefore must have odd order. For any element a G H^{F]'L) the 
element x ■ a + a is in rjH"^{F; Z), therefore x ■ a = —a. 

For if°(F;Z), note that it is isomorphic to the finitely generated free 
abelian group Z71q{F) = ©ae7ro(F)^ with the vri(_B) action coming from the 
action of 7ri(_B) on tcq^F). Suppose the action of nii^B) on 7ro(F) had a free 
orbit. Then H^{F] Z) would have a direct summand isomorphic to Z[7ri(i?)]. 
However, the map Z[7ri(i?)] — > Z[7ri(i?)][l/z] cannot be a surjection - because 
Z[7ri(i?)] is not a 2-divisible group. Hence the action of HiiB) on vro(-F) is 
trivial and the result follows. □ 
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